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Abstract. For a classical simple algebraic group G we obtain the affirmative answer for the 
conjecture in [§] that there exists an isomorphism between the geometric crystal on the flag 
variety and the one on the unipotent subgroup U~ . 



1. Introduction 



The theory of geometric crystal for semi-simple case has been introduced in pQ as an 
geometric analogue of Kashiwara's crystal theory. In [7] it has been extended to Kac-Moody 
setting and the geometric crystals on Schubert variety X w has been introduced therein, where 
w is a Weyl group element. In [8] we constructed geometric crystals on the unipotent radical 
U~ C B~ of a semi-simple algebraic group G, where B~ is an opposite Borel subgroup and 
showed that in the case G = SL n (C) it is isomorphic to the geometric crystal on the flag 
variety X — X Wo where wq is the longest element in the corresponding Weyl group. In [5] we 
conjectured that for any semi-simple case there exists such isomorphism and in this article we 
obtained the isomorphism between U~ and the flag variety for classical simple algebraic groups. 

Here we explain more details. Let B^ C G be the Borel subgroups and their unipotent 
radicals. As mentioned above, in [7] we constructed geometric crystals on Schubert varieties, 
whose dimension is finite. Nevertheless, we can not apply the method in [7] to the full flag 
variety since it is infinite dimensional for general Kac-Moody cases. Thus, we considered alter- 
native way to obtain geometric crystal structure on the opposite unipotent radical U~ C B~ 
which is birationally isomorphic to the full flag variety X = G/B. 

A variety V is called a unipotent crystal if it has a rational [/-action and there exists a 
rational map from V to the opposite Borel subgroup B~ commuting with the [/-action, where 
B~ is equipped with the canonical rational [/-action by: 



One of the most crucial properties of unipotent crystals is that certain geometric crystal is 
induced from a unipotent crystal canonically (see 12. 3[) . 

We introduce a criterion for the existence of unipotent crystal on U~ in [8] Lemma 3.2 ] (see 
also Lemma H2] below.), which is applicable to general Kac-Moody cases though it is applied 
to only simple cases in this article. Let us explain the criterion more precisely. To obtain the 
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unipotent crystal structure on U , it is required to get certain rational map T : U — > T with 
the properties: for x G U and u G U~ 

T(n {xu)) = 7T (xu)T(u). 

Then defining a morphism J- : U~ —> B~ by F(u) := uT(u), T becomes a [/-morphism and 
we obtain the unipotent crystal structure on U~ . To realize the above T in this article we 
construct rational functions {F i }i=i,— ,« on U~ , each of which is defined as a matrix element 
in the fundamental representation L(Aj) and possesses some special properties, where Aj is the 
i-th fundamental weight of q = Lie(G). Using this rational functions F^ n \ we define T(u) = 
Y\i 0% (F^ (u)~ l ), which satisfies the criterion (see Sect. 4.) and then we have a unipotent 
crystal and the induced geometric crystal on U~ . 

(n) 

The crucial task in this paper is writing down the explicit forms of the function 
(i = 1, ••• ,n). Then, using them we can check that there exists an isomorphism between 
geometric crystal on the flag variety X and the one on U~ for the types A n , B n , C n and D n . 

Since in [8] we have made several typographical errors in the proof of Lemma 3.2 and 
modified the definition of the function F^ , we shall give the proof of Lemma [431 in this article 
and introduce the bilinear form on irreducible highest weight q module in order to redefine 

F (n) 
i 

In the last section, we give a conjecture that for all semi-simple cases there would exist an 
isomorphism of geometric crystals between a Schubert variety X w and U~ which is a dense 
subset in U~ associated with a reduced word l of w. Indeed, the result in this paper would be 
a part of this conjecture for the case w = wo the longest element. 

Though our method constructing unipotent crystal structure on U~ is valid for arbitrary 
Kac-Moody setting, in this article we only treated simple cases. Our further aim is to apply 

(n) 

this to affine Kac-Moody cases, more details, to find certain good functions like F} "s for 
affine cases, which would be expected to be interesting and important from the view point of 
representation theory of affine Kac-Moody algebras. 

2. Geometric Crystals and Unipotent Crystals 

The notations and definitions here follow [2j [3j [5j HI [3 1] . 

2.1. Geometric Crystals. Fix a symmetrizable generalized Cartan matrix A = (a^ 
where / is a finite index set. Let (t, {a.i}i e i, {hi}i^i) be the associated root data, where t is 
the vector space over C with dimension |/|+ corank(A), and {a^jig/ C t* and {hi}i^i C t are 
linearly independent indexed sets satisfying aj(hi) = a^-. 

The Kac-Moody Lie algebra g = g(A) associated with A is the Lie algebra over C generated 
by t, the Chevalley generators and fi (i 6 /) with the usual defining relations ([5], [6]). Note 
that if A is a Cartan matrix, the corresponding Lie algebra q is a semi-simple complex Lie 
algebra. There is the root space decomposition q = © Qe t* ®a- Denote the set of roots by 
A := {a e i*\a ± 0, 0a ± (0)}. Set Q = Q+ = E l z >o«* and A + := A n Q+. 

An element of A + is called a positive root. Define simple reflections Si £ Aut(t) (i S /) by 
Si(h) := h — ai(h)hi, which generate the Weyl group W. We also define the action of W on t* 
by Si(A) := A - A(^)a 4 . Set A rc := {w(a,)|w G W, i £ /}. 

Let q' be the derived Lie algebra of g and G the Kac-Moody group associated with fl'([6]). 
Let U a :— expg Q (a G A rc ) be an one-parameter subgroup of G. The group G is generated 
by U a (a G A rc ). Let U ± be the subgroups generated by U± a (a G A!f = A rc n Q+), i.e., 
l/± := (U± a \ae A' + c ). 
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For any i € I, there exists a unique homomorphism; <j)i : SL2 (C) — > G such that 

q * yj = exptei, cj)i (( * ® ^ = cxptfi {t e C). 

Set Xi(t) := exptei, W (t) := expi/i, T* := ^({diagfo^ 1 )!* £ C}) and N t := N Gi (Ti). Let T 
(resp. AT) be the subgroup of G generated by Ti (resp. JVj), which is called a maximal torus in G 
and S ± = C/ ± T be the Borel sub group of G. We have the isomorphism (j> : W^^N/T defined 
by (f>(si) = NiT/T. An element Si := Xi(— l)yi(l)xi(— 1) is in Nq(T), which is a representative 
of s, € W = N G (T)/T. 

Definition 2.1. Let X be an ind- variety over C, % and £j (i G /) rational functions on X, and 
e,; : C x x X — > X a rational C x -action. A quadruple (X, {ei}i e j, {7$, }iei, {£j}ie/) is a G (or 
g)- geometric crystal if 

(i) ({1} x AT) n dom(ei) is open dense in {1} x A' for any i € I, where dom(ei) is the 
domain of definition of : C x xX->I. 

(ii) The rational functions satisfy Jj(e?(x)) = c aij 7j(ir) for any i, j G /. 

(iii) ej and satisfy the following relations: 



Ci Co Co Ci 

„Ol ClC 2 C 2 _ C2 ClC 2 Ci 

efef^e^ef = efe? C2 ef C2 e? 
e Cl e c ' C2 e c ' C2 e c ' c ^e ClC2 e C2 = e C2 e ClC2 e c ' c ^e c ' C2 e c ' C2 e Cl 



if ajj — — 0, 
if = 3ji = — 1 j 
if ajj = 2, a^j = — 1, 
if a,., = 3, a,-,- = — 1, 



-j °i °j c i °j — °j c i °j °t °j c i 11 a «J — "i "Ji 

(iv) The rational functions {Ei}i£i satisfy £j(e|(a;)) = c~ 1 £i(a;) and £i(e|(a;)) = £j(x) if 

The relations in (iii) is called Verma relations. If % — (X, {e^}, {7i},{£i}) satisfies the 
conditions (i), (ii) and (iv), we call x a pre-geometric crystal. 

Remark. The last condition (iv) is slightly modified from [3l [TJ, [8l [9l 110] since all £, appearing 
in these references satisfy the new condition and this condition is required to define "epsilon 
systems" f[TT]h 

2.2. Unipotent Crystals. In the sequel, we denote the unipotent subgroup U + by U . 
We define unipotent crystals (see pQ,[7]) associated to Kac-Moody groups. 

Definition 2.2. Let X be an ind- variety over C and a : U x X — > X a rational U- action 
such that a is defined on {e} x X. Then, the pair X = (X, a) is called a U -variety. For 
[/-varieties X = (X, ax) and Y = (Y, ay), a rational map / : X — > Y is called a U-morphism 
if it commutes with the action of U. 

Now, we define a [/-variety structure on B~ = U~T. As in [4], the Borel subgroup B~ is 
an ind-subgroup of G and hence an ind- variety over C. The multiplication map in G induces the 
open embedding; B~ xU '—t G, which is a birational map. Let us denote the inverse birational 
map by g : G — > B~ x U. Then we define the rational maps 7r~ : G — >• B~ and tt : G —> U by 
7r~ := proj B - o g and n := proj^ o g. Now we define the rational [/-action a B - on B~ by 

a B - := ir~ o m : U x — > £>~, 

where to is the multiplication map in G. Then we get [/-variety B = (B~ , a B -). 

Definition 2.3. (i) Let X = (X, a) be a [/-variety and / : X — > B a [/-morphism. 

The pair (X, /) is called a unipotent G-crystal or, for short, unipotent crystal. 
(ii) Let (X, fx) and (Y, fy) be unipotent crystals. A [/-morphism g : X — > Y is called a 
morphism of unipotent crystals if /x = fy g- In particular, if g is a birational map 
of ind- varieties, it is called an isomorphism of unipotent crystals. 
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We define a product of unipotent crystals following [T]. For unipotent crystals (X, fx), 
(Y, fy), define a morphism axxY : U x X xY — > X x Y by 

(2.1) a X xy(u,x,y) := (a x (u, x), o.y(it(u ■ f x (x)),y)). 
Theorem 2.4 ([1]). 

(i) The morphism UxxY defined above is a rational V -action on X x Y . 

(ii) Let m : B~ x B~ — > B~ be a multiplication map and f = fxxY '■ X x Y — > B~ be 
the rational map defined by 

fxxY := m o (fx x fy). 

Then fxxY is a U -morphism and (X x Y,fxxy) is a unipotent crystal, which we 
call a product of unipotent crystals (X, fx) and (Y, fy). 

(iii) Product of unipotent crystals is associative. 

2.3. From Unipotent Crystals to Geometric Crystals. For i G I, set Uf- := f/ ± n 

StU^s' 1 and [/i := fl s l U ± s~ 1 . Indeed, Uf = U± ai . Set 

Y± ai := (x± ai (t)U a x± ai (-t)\t eC,ae A' ± ° \ {±aj). 

We have the unique decomposition; U~ = U[~ ■ Y± ai = U- ai ■ U l _. By using this decomposition, 
we get the canonical projection : U~ — > U- ai and define the function \i 011 U~ by 

(2.2) Xl ■= Vi 1 ° & : U- — > U_ ai ^>C, 

and extend this to the function on B~ by Xi( u ' t) Xi( u ) f° r u G an d t £ T. For a 
unipotent G-crystal (X, fx), we define a function e$ := ef : X — > C by 

e l := Xi ° f x , 

and a rational function ji : X — > C by 

(2.3) 7 l := a l o proj T o f x : X -> B~ -> T ->■ C, 
where proj T is the canonical projection. 

Remark. Note that the function is denoted by ipi in [Tj, [7], 

Suppose that the function £j is not identically zero on X. We define a morphism a : 

C x xI^Iby 

(2.4) — 

Theorem 2.5 (PQ,[8]). For a unipotent G-crystal (X. fx), suppose that the function e\ is not 
identically zero for any i G I. Then the rational functions 7,, e% : X — > C and ej : C x x X — > X 
as above define a geometric G-crystal (X, {ej}j £ /, {7,}^/, which is called the induced 

geometric G-crystals by unipotent G-crystal (X, /x)- 

Proposition 2.6 ([I). [5]). For unipotent G-crystals (X, fx) and (Y, /y), sei i/ie product (Z, fz) ■ 
(X , fx) x (Y, fy) , w/iereZ = Xxy. Lei (Z, {ef {7^}^/, {ef }ie/) be the induced geometric 
G-crystal from (Zi,fz)- Then we obtain: 
(i) For eac/i i G /, (x ; y) G Z, 



7f (*)' 



(2-5) 7 f {x,y)=>rf (x) % Y (y), ef (x,y) = ef (x) 

(ii) For any i E I, the action ef : C x x Z — > Z is given by: 
(e?y(x,y) = ((ef ^ (x) , (ef )^(y)) , where 

c _ cry?{x)e?(x)+er{y) ^ _ cjjf (x)ef (x) + ef (y)) 
1 lf(x)ef(x)+eY(y) ' 2 c 7 f (z) £ f (z) + ef (y) 



GEOMETRIC CRYSTALS ON FLAG VARIETIES AND UNIPOTENT RADICALS 



5 



Here note that c\C2 = c. The formula ci and C2 in pQ seem to be different from ours. 

3. Geometric crystals on Flag variety and Schubert variety 

Let X := G/B be the flag variety, which has the cell decomposition X = U weW X w . Each 
cell X w is called a Schubert cell associated with a Weyl group element w £ W . Its closure X w 
in X is called a Schubert variety which satisfies the closure relation X w = \J y < w X y . As we have 
seen in [7], we can associate geometric crystal structure with the Schubert cell (resp. variety) 
X w (resp. X w ). 

The geometric crystal on X w is realized in B~ as follows: 
Let i := i\ ■ ■ ■ i). be one of the reduced expressions of w G W. Suppose that an element w € W 
satisfies that / = I(w) := ■ ■ ■ , ik}- Define 

B~ :={Y 4 (ci,.-. ,c fc ) :=Y h ( Cl )---Y ih (c k ) G B~\ Ci 6<C X }. 

where Y(c) = yi(^)a^ (c). The Schubert cell X w (resp. The Schubert variety X w ) and B~ are 
birationally equivalent and they are isomorphic as induced geometric crystals. 
Indeed, we describe the explicit feature of geometric crystal structure on B~ : 

(3.1) 

(3.2) 



7i (Y(ci,-- 


• >c fe )) 


= ai("n(ci) • --aV 




£i(Y(ci, ■ • 




E/ a 4l ,i 


1 






l<j<k,ij=i c l 


"S-i 


e?(Y( Cl) -- 


• >c fe )) 


= : y t (c l5 -- - ,c fe ), 





where 



(3.3) C, 



l<m<j,i m =i C l ''' c m-l c m j<m<k,i m =i C l 



E 



E 



l<m<j,i m =i u l u m-l °m j<m<k,i„ 



In the case g is semi-simple, we know that the flag variety X = G/B coincides with the Schubert 
variety X wo for the longest element Wq in the Weyl group. Thus, we have 

Corollary 3.1. For a semi-simple Q, we have the geometric crystal structure on the flag variety 
X:=G/B. 

4. Geometric Crystals on U~ 

In this section, we associate a geometric/unipotent crystal structure with unipotent sub- 
group U~ of semi-simple algebraic group G. In particular, for G = SL n+ i(C) we describe it 
explicitly. The contents of this section is almost same as in [§]. But we shall see the whole 
setting again since we modified some definitions and made typographical errors in the proofs 
of certain statements. 

4.1. U- variety structure on U~. In this subsection, suppose that G is a Kac-Moody 
group as in Sect. 2. As mentioned in SectfSl Borel subgroup B~ has a [/-variety structure. By 
the similar manner, we define [/-variety structure on U~ . As in !2.2| the multiplication map m 
in G induces an open embedding; m : U~ x B <— >• G, then this is a birational isomorphism. Let 
us denote the inverse birational isomorphism by h; 

h:G — > U~ x B. 
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Then we define the rational maps ir : G — > U and ti + : G — > B by n := proj^- o h and 
7r + := proj B o h. Now we define the rational [/-action ajj- on U~ by 

ot v - := 7r o m : U x U~ — > U~ , 

Then we obtain 

Lemma 4.1. A pair U~ = (U~,ajj-) is a U -variety on a unipotent radical U~ C B~ . 

4.2. Bilinear form. In this subsection, following [2j 9.4] we introduce the invariant bilin- 
ear form of finite dimensional modules. What we have introduced in [8] is subtly inexact. So, 
let us reimburse it here. 

Let A G P+ be a dominant integral weight and L(X) be the associated irreducible highest 
weight g-module with the fixed highest weight vector u\. For v G L(X), define its expectation 
value E(v) by 

v = E(v)u\ + lower weight vectors. 

Let U(q) be the universal enveloping algebra of g and u) : U(q) — > U(g) an anti-involution of 
t/(g) defined by D(ej) = /j, = e, and Q(h) — h for i G /, h G t. Note that it is extended 

to an anti-involution of the group G such that cD(xj(c)) = 2/i(c), D(yj(c)) = Xj(c) and = t 
for i G /, c G C and t <E T. Now, we define a symmetric bilinear form ( , ) on L(X) by 

(it, u) = E(Q(a)a'u\), 

where a, a' are elements in U(q) such that u = au\ and v = a'u\. This bilinear form satisfies 

(4.1) (gu, v) = (u, u(g)v), 
where g is an element in U (g) or G. 

4.3. Unipotent/Geometric crystal structure on U~. In order to define a unipotent 
crystal structure on U~ , let us construct a CZ-morphism J- : U~ — > B~ . 

The multiplication map m in G induces an open embedding; m : U~ x T x U =-> G, which 
is a birational isomorphism. Thus, by the similar way as above, we obtain the rational map 
7T° : G — >• T. Here note that we have 

(4.2) n-(x) =TT—(x)n Q (x) (xeG). 
Now, we give a sufficient condition for existence of [/-morphism J- ' . 
Lemma 4.2 ([§]). Let 7~ : U~ — > T be a rational map satisfying: 

(4.3) T(tt (.in)) = 7r°(xu)T(w), forxEUanduelJ-. 
Defining a morphism J- : U~ — > B~ by 

(4-4) T U ^ £\ 

then IF is a U -morphism U~ — > B~ . 

Proof. We may show 

(4.5) ^(pcxj- (x, u)) — a B - (x, JF(u)), for x G U and M G U~ . 

As for the left-hand side of (|4.5p . we have 

T{a.u- (x, «)) = 7T __ (xu)T(tt~~ (.in)) = 7r __ (xM)7r (xu)7~(M), 

where the last equality is due to (|4.3[) . On the other hand, the right-hand side of (|4.5p is written 
by: 

as- {x, J-(u)) = n~ (xuT(u)) = ir~~ (xuT{u))ir°(xuT(u)) = tt~~ (xu)tt° (xu)T(u) 
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where the second equality is due to (|4.2|) and the third equality is obtained by the fact that 
T(u) G T C B. Now we get (@~5]). □ 

Let us verify that there exists such [/-morphism J- or rational map T for semi-simple cases. 
Suppose that G (resp. g)is semi-simple in the rest of this section. 

Let Aj (i = 1, • ■ • , n) be a fundamental weight and L(Ai) be a corresponding irreducible 
highest weight g-module, where g is a complex semi-simple Lie algebra associated with G. Let 
v\ be a lowest weight vector in L(X) such that (v\,v\) = 1. Now, let us define a rational 
function ff° : U~ ->• C (i € I) by 

(4.6) F[ n) (u) = (u ■ u Az ,v Ai ) (u e ET ). 
We define a rational map T : i/ _ — > T by 

(4.7) r(«):=n«i V (^ (n) («) -1 )- 

and define a morphism J- : U~ — > B~ by 

(4.8) F{u):=u-\{at{Fl n \u)-^. 

iei 

Lemma 4.3. The morphism J- : U~ B~ is a U -morphism. 

We have mentioned this statement in [5J. Nevertheless, since we modified the definition of 
the bilinear form and there are several typographical errors in the proof, we shall give a proof 
of this lemma again here. 

Proof of Lemma [4.31 Let us verify that T satisfies (I4.3[) . For x S U and u G U~ such 
that xu G Im(U~ x T x U » G), let it - G [7 — , ?i° G T and u + G {/ be the unique elements 
satisfying = xu, i.e., tt (xu) — u~ , 7r°(xu) = u° and tt(xu) = u + . By (|4.1[) and the 

fact that 5 • «Aj = VA; for any g G f/ _ , we have 

(4.9) (xu ■ u At ,v At ) = (u ■ u Ai ,Q(x) ■ v At ) = (u ■ u Ai ,v Ai ). 

On the other hand, since g ■ u Ai = u Ai for g G U, we have 

, . (xu-u Ai ,v At ) = (tt (xu)tt°(xu)tt(xu) -u Ai ,v Ai ) 

= (tt (xu)tt^(xu) ■ u Ai ,v Ai ) = Ai(ir®(xu))(7r (xu) ■ u Ai , v Ai ) , 

where we regard Aj as an element in X*(T) such that A l (aJ(c)) = c a «. Hence, by gU, (|4~TU|) . 
we have 

F^ l \n (xu)) = (tt (xu) ■ u Az ,v Az ) ^ A i (n a (xu)y 1 (xu ■ u Ai ,v Ai ) 
= Ai(n° (xu))^ 1 (u ■ u Ai ,v Ai ) — Ai(TT°(xu))~ 1 F^ n \u). 

By the formula 

l[aUHt))=t, (jteT), 

i 

and the definitions of T and J 7 , we obtained (14.31) . rj 
Corollary 4.4. Suppose that G (resp. g) is semi-simple. Then (U~ ,F) is a unipotent crystal. 



As we have seen in 12.31 we can associate geometric crystal structure with the unipotent 
subgroup U~ since it has a unipotent crystal structure. 

Let us denote the function \% '■ U~ — >• C in (|2.2p by £j : U~ — > C here. It is trivial that the 
function £j : U~ — > C is not identically zero. Thus, defining the morphisms : C x x U~ — >• U~ 

and 7i : [/~ — >• C by 

c — 1 

(4.11) ei(c,u) = e1(u) := Xi (— rT )(u), 7»(w) := «i(7"(u)), (tt G C/ andcGC x ), 

£i(u) 



s 
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It follows from Theorem I2J5 



Theorem 4.5. If G is semi-simple, then\u- '■= (U , {ji}iei> { £ i}iei> { e i}iei) * s a geometric 
crystal. 

4.4. Explicit Form of the Geometric Crystal Structure of U~ . Let iq = i\i^ • • • ijv 
be a reduced longest word of a semi-simple Lie algebra g and set 

u 7 a ■= {v>.o{ a ) = ViMi) ■ ■ -Ui k ( a N)\ai, ■■■ ,a N EC}, 

which is birationally equivalent to U~ . Thus, using this we describe an explicit form of the 
geometric crystal structure of U~: For l and i 6 I, define {jj.,,7'2, • • • ,3i} '■= {j|l < j < 
k, rrij = i}, where 1 < j\ < • ■ • < ji < N and set 

L%(a;c) != ^+- + 0+^+- + ^ (i< m < Z , ceC) . 
a n + \-a jt 

Then, we have 

etivM) = 7i(m («)) = «i(II a i (^(f'oW))" 1 ). 



c - 1 

(4.12) e?(3/ t0 (a)) =x»(— ; — r^r)(y t0 (a)) = i/nK) • • -Vi N (a' N ), 

where a L = rW : aj r r( «), — : = *). < = w " P a,„ p < P < Jm). 

c)L y m '(a; c) L K J-i{a; c) 

Note that L^(a; c) = 1. 

5. Fundamental Representations 

In order to get the explicit form of the function in the next section, we shall see some 
technical lemmas in this section. 

5.1. Type C n . Let / := {1, 2, • • • n} be the index set of the simple roots of type C n . The 
Cartan matrix A = of type C n is given by 

'2 if i = j, 
-1 if \i — j\ = 1 and 7^ (n — 1, n) 

_ otherwise. 

Here (i ^ 71) is a short root and a„ is the long root. Let {hi}i^i be the set of simple co-roots 
and {Ai}ig/ be the set of fundamental weights satisfying a.j(hi) — aij and Ai(hj) = Sij. 

First, let us describe the vector representation L(Ax). Set B 1 ™) := {vj,vj\j — 1, 2, • • • , n.}. 
The weight of Vj is as follows: 



wt(«j-) = 



Aj - Ai_i if i = 1,- • • ,n, 
^Ai_i — A, if i = 1, • • • ,71, 

where Ao = 0. The actions of ej and /, are given by: 

(5.1) fiVi = Vi+i, fiVi +1 =Vj, eiV i+1 =Vi, eiV I =v^ I (1 < i < n), 

(5-2) fn v n — v n> e n v n = v n> 

and the other actions are trivial. 

Let A^ be the i-th fundamental weight of type C n , where we add the superscript (n) to 
emphasize the rank of the corresponding Lie algebra. As is well-known that the fundamental 
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representation L(A| n ' ) ) (1 < i < n) is embedded in i^A^)®* with multiplicity free. The 
explicit form of the highest (resp. lowest) weight vector u A („> (resp. « A (n)) of L(A^™^ is realized 

in L(A[ n) )® 1 as follows: 

"a<"> = X! s S n ( CT )^(i) ® ' ' ' ® MO ' 
(5.3) CT£S - 



a i„, - ^ sgn(cr) Mi) V(1) , 

where ©i is the i-th symmetric group. For x = ... i k ,ik v ii ® ' ' ' ® u ik £ L(A[™' ) )®' C , 
w G L(A^) and j € {1, • • • , k}, let us define: 

a;[w;j] := ^ c ni ... , l)s v n ® • • • v l] _ 1 ® u <8> w 4j <g> • • • <g> w lfc G L(A[ n) )® k+1 . 
ii,— -*fc 

Let it' (resp. v') be the vector in L(A'™ +1 ' ) )® 2 (i < n) whose explicit form is given by replacing 
Vj (resp. vj)e L(A 1 ™' ) ) by Vj+i (resp. ?^+t) e L(A^™ +1 ') (j = 1, ■•• ,i) in the vector m a <„) 
(resp. w A (n>) in (|5.3|) . Then, they satisfy eiu 1 — (resp. fiv' = 0) for i = 2, • • • , n. Here for the 
vectors Wj (i = 1, ■ • • , n) in B^™) and B^™ +1 ' we shall use the same notations. 

Lemma 5.1. We have 

i+l 

(5.4) u a („+d = ^(-l)^V[u i; j], 

i+l 

(5.5) « A („ r , = ^(-l^-^'fej]. 

3=1 

Proof. Suppose a £ ©i+i is in the form 

1 ••■ j ■■■ i + l 



" ',(7(1) • • ■ 1 ■ • • «t(* + 1W ' 



that is, a(j) = 1. Then we have 

a= Ml),-- - ,a(j-l),l) 



1 2--. j j + 1 ••• i + l 

1 (7(1) •■• dO'-l) (7(7 + 1) ••• <7(i+l)7' 



where (cr(l), • • • , (7(j — 1), 1) is a cycle. Since a(k) + 1 1 for fc + 1 j, we have that 

2--. j j + 1--- i + l 

(7(1) ••■ <7(j-l) a{j + !)■■■ a{i + l) 

is a permutation of {2, 3, • • • , i + 1} satisfying cr'(fc) = er(fc — 1) for 2 < k < j and cr'(fc) = a(k) 
for fc > j. Thus, we have sgn(cr) = (— l) J_1 sgn((7'). Hence, we have 



"A*"! 1 ' = ^2 X! ( _1 ) J_ls g n ( Cr ') W (T'(2) ® ■ • ■ ® ®Vl ®XV(j+l) ® ■ ' • <8>^<7'(i+l), 

3=ia'es' 

= ^c-ir^'b^j], 

where ©' = ©{2. ■■■ .;+!}■ The case of w A („+i) is shown similarly. rj 
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5.2. Type B n . Let I := {1, 2, • • • n} be the index set of the simple roots of type B n . The 
Cartan matrix A = {sn,j)i,iei OI type B n is given by 

r 2 ]ii=j, 

-1 if \i - j\ = 1 and ^ (n,n- 1) 
-2 if 0, j) = (n,n - 1), 
^ otherwise. 

Here on (i ^ n) is a long root and a n is the short root. Let {hi}i^i be the set of simple co-roots 
and {Ai}i £ / be the set of fundamental weights satisfying aj(hi) — saj and Ai(hj) — Sij. 

First, let us describe the vector representation L(Ai) for B n . Set E$( n ) :— {vj, Vj\j = 
1, 2, • • • , n} U {v }. The weight of Vj is as follows: 



wt(vj) = Aj - Aj_i, wt(vr) = Aj_i - Aj (i = 1, 



,n - 1), 



wt(u„) = 2A„ - A„_ 1; wt(t%) = A n _i - 2A„, wt(w ) = 0, 
where Ao = 0. The actions of ej and /j arc given by: 

(5.6) fiVi = v i+ i, fiV^ri=vi, eiV i+ i=Vi, = (1 < i < n), 

(5.7) /„w„ = u , fnVo = 2vn, e n v a = 2v n , e„w 7r = v , 

and the other actions are trivial. 

The last fundamental representation L(A n ) is called the "spin representation" whose di- 
mension is 2™. It is realized as follows: Set vjp ^ := cR (n) Ce and 

B&> :={(ei,--- ,e„)| ei e {+,-}}. 
Define the explicit action of ftj, ej and /, on by 

f ej-l-ej + i-l ^ 



(5.8) 
(5.9) 

(5.10) 



/»(ei,-- 



(ei, • • • ,e n ), if i^n, 



e«(ei, 



= < 



» i+i 
,-, +, 



if i = n, 



•) if ej = +, e J+ i = «^n, 



.-) 



if e„ = +, i 
otherwise 



n, 



e»(ei, •••,£«) = < 



Then the module is isomorphic to L(A„) as a £?„-modulc. 
The following decomposition is well-known: 

L(A n ) ® L(A n ) = L(0) © L(Ai) © L(A 2 ) • • • © L(A„_i) © L(2A„). 

Let us describe the explicit form of the highest (resp. lowest) weight vector u\ n \resp. vf"^) in 

Aj and we emphasize the 



i i+1 







) if e» = £j+i = +, « ^ n, 
,+) if e„ = -, i = n, 
otherwise. 



L(A<»>)(i = l 



, n — 1) by using the vectors in B^>\ where A^ 



rank of the Lie algebra by adding the superscript (n). For e = (ei, ■ ■ • , e n ) € £«p\ we define 
the signature sg(e) as follows: set J(e) := {ji, ■ ■ ■ ,j m } C {1, • • • , n} such that e Jfc = — for any 
k = 1, • • • , m and if p 7^ jfc, then e p = +. Then we define 

sg(e) = (-l)^r =1 («-J fc +i). 
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It is easy to see: 

(5.H) uf:= J2 sg( e )e® £ ', „<»>:= ]T (-l)^sg(e')e ® e', 

e,e ; satisfies (H) e,e' satisfies (L) 

where for e = (e 1; • • • , e„) and e' = (ei, • • ■ , e' n ), 

(H) ej = e' j = + (j < i) and ej ■ e'j = - (j > i). 
(L) ej = e'j = - (j < i) and ej ■ e'j = - (j > i). 

For v = J2 / cR (n) c £i£ 'e <8> d G ® V^, let us denote 

(±,v)-.= J2 c £ ,,(± je ) 8 (±, £ ')e^ +1) ®^ +1) , 

where (±,e) G 

Remark. Note that for Ssp' 1 and i = 2, ■ • ■ , n + 1, we have ej(±, u) = (±, ei-iv) and /i(±, w) = 
(±,fi-iv). 

Lemma 5.2. We have 

(5-12) ttffi" 1 ) = (+,u i ( " ) ), tfe 1 '^-^* ) (< = 1, ■ •■,*»). 

Proof. For e = (ei, ■ • • , e n ) G 7?sp\ let J(e) = {ji, • • • , j m } be the same set as above. Then 
J(+,e) = {ji + 1,32 + 1, • • • ,jm + !}• Thus, we have = (+,uf ] ) since 

sg(+,e) = (-l)Sr=i«»+i)-&+i)+i) = (_i)Er=iM<=+i) =sg(e). 

Next, let us show the case Vj n K For e = (ei, ■ • • , e„) G 7?^, let J(e) = {ji, • • ■ ,j m }- Then we 
get J(-, e) = {1, ji + 1,32 + 1, • • • ,im + I}- Thus, we obtain 

sg(-,e) = (-l)(("+ 1 )- 1 + 1 )+£r=i((«+i)-Ofc+i)+i) = . (_i)Er=i«-«+ 1 = (-l)"+ 1 S g(e), 

which implies (— , fj™') = uj™^. rj 

5.3. Type D n . Let 7 := {1, 2, • • • n} be the index set of the simple roots of type D n . The 
Cartan matrix A = {saj)i,jei OI tyP c D n is as follows: 

'2 i£i = j, 

-1 if I* - j I = 1 and ^ (n,n- 1), (n - l,n), or = (n - 2,n), (n,n- 2) 
otherwise. 

Let {hi}i(zi be the set of simple co-roots and {Ai} i& i be the set of fundamental weights satisfying 
aj(hi) = SLij and Ai(hj) = 5ij. 

First, let us describe the vector representation 7(Ai) for D n . Set B'"' := {vj,vj\j = 
1, 2, • • • , n}. The weight of Vj is as follows: 

wt(uj) = Ai - Aj_i, wt(wj) = Aj_i - Aj (i = I,--- ,n- 1), 

wt(u„) = A„_! + A„ - A„_ 2 , wt(t%) = A„_ 2 - A„_i + A„, 

where A = 0. The actions of ei and /j are given by: 

(5.13) fiVi = v i+1 , fiVj^ = Vj, e t v l+l =v t , e.vj = vj^ (1 < % < n), 

(5-14) fn v n = v n -\i fn—lVn = v n — 1 > e n-l v n -i = e ™' y n-l = W ™' 

and the other actions are trivial. 
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The last two fundamental representations L(A„_i) and L(A n ) are also called the "spin 
representations" whose dimension are 2™ _1 . They are realized as follows: Set V^p"' n ^(resp. 
^"• n) ):-e eeB (^) (rosp . B (-.») } C6 and 

B(+' n )(resp. B%^) :={(ei,-- - ,e„)|e 4 e {+,-}, £l ••• e„ = +(rcsp. -)}. 

Define the explicit action of ftj, and /j on V^'™^ by 



(5.15) /ii(ei,-- - ,e„) = 



(5.16) /i(ei,"- ,e„) = ^ 



(5.17) ei(ei,-- - ,e„) = < 



'""''^•'' (tir - ,e„) if i = n, 

i i+1 

(•■•,-,+,■••) if e» = +, = -, « n > 

n— 1 n 

( , - , -) if e„-i = +, e„ = +, i = n, 





i i+1 
(■",+,-,• 



otherwise 







) if Ci = -, e l+ i = +, z ^ n, 
otherwise. 



n— 1 n 

, + , +) if e„_i = - - 



Then the module Vsp' n ^ (resp. vj p is isomorphic to L(A„) (rcsp. L(A„_i)) as a D„-module. 
The following decomposition is well-known: 

(5 18) V( + - n > ® S I i(0) 8 i(A2) ® " ' ® i(A2m - 2) 9 L ( 2A 2«) if n = 2m > 

p sp U(A 1 )®L(A 3 )©---©L(A 2m _ 1 )©L(2A 2m+1 ) ifn = 2m+l, 



(5.19) 



y( +,„) y( -,„) ^ fi(Ai) 8 L(Aa) 8 • • • 8 £(A 2m _ 3 ) 8 Z,(2A 2ro _i) if n = 2m, 

} i(0) i(A 2 ) • • • i(A 2m _ 2 ) 8 i(2A 2ro ) ifn = 2m+l, 



' sp ^ ' sp 



Thus, we know that each fundamental representation L(Aj) (i = 1,- • ■ , n — 2) is embedded in 
vi p K ™' ) <8> Vgp 1 '™^ with multiplicity free. Now, let us describe the unique (up to constant) highest 
(resp. lowest) weight vector u-™- 1 (resp. in L(Aj). It is trivial that 



* =(+,•■ •,+,-), 



(— , ■••,—,—) if n is even. 

(— , •••,—,+) if n is odd. 

J (— , ■■•,—,+) if n is even. 
1 (— , ■■•,—,—) if n is odd. 



For e £ V^'* , let sg(e) be the same as above. Then it is immediate that 
(5.20) ut L) := £ sg(e)e®e\ „<">:= ]T (_l)^ sg(e ') e ® e ', 

e,e' satisfies (H) e,e' satisfies (L) 



where if n—i is even (resp. odd), then u-"' and are in Vsp' n> ®Vsp ,n> (resp. X / s l p h '" j ®V r S p 
and 

(H) tj = e'j = + (j < i) and £j ■ ej = - (j > i). 
( L ) £ j = 4 = - (j < i) and e j ' e 'j = - U > i)- 
By arguing similarly to the B„-case, we have 
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Lemma 5.3. 



(5.21) 


(n+l) 


= (+,^), 




• ,n-2), 


(5.22) 


u (n+l) 
a n 


= (+,«^l), 


*4 n+1) = (-,«„-i), 




(5.23) 


(n+l) 
U n+1 


= ( + ,^ n) ), 


^n+l — V i"n 





where the notation (±, u) is £/ie same one as in £/ie previous subsection. 

Remark. Similar to 15.21 for v 6 and i = 2, • • • ,n + 1, we have ej(±, u) = (±, ej_iu) 

and fi(±,v) = (±,/i_i«). 



6. Function 

Fix the following reduced longest word: 

1---32) •••(nn- l)(n) A n , 
21)(2---n-lnn-l---2)---(n-lnn-l)(n) S„, C„ 
21)(2- • -n - 1 n n - 2- • -2) • • • D n 

2)(n - 1 n). 

For these words and y € ?7~ , we shall obtain the explicit forms of (y) . 

Proposition 6.1. We have: 

(i) A n -case: For y = (y n (ai, n ) • ■ -2/i(oi,i)) ■ • • (j/ ))Vn(On,n)) 

i n— i+fc 

^)=n n ^ 

/c=i i=fc 

(ii) B„-case: For y = (2/1(01,1) • • • y n (ai, n )yn-i(fli,n-i) • • -2/i(oi,i)) 

x (2/2(02,2) •••2/2(02,2)) x ••• x (2/ n — 1 l^n— l,n — l)j/n(On-l,n)2/«-l(On-l,«-l)) 2/«( a n,n) 

{n ^j^j 11 Ofcj '/' "• 
l<fc<i<j<n l<fc<j<i 
]J Ofc,j ifi = n, 

l<fe<j<« 

where we understand a^.n = &k.n- 
(hi) C n -case: For the same y in (ii), 

Ft ] (y)= n a ^ n n 4*. 

l<k<i<j<n l<k<i<j<n l<k<j<i 

where if i = n, we understand the second factor is equal to 1. 
(iv) D n -case: For y = (2/1(01,1) • • ■ y„-i(ai,n-l)2/n(ai,n-i)2/n-2(ai,n-2) • • • 2/i(ai,i)) 




(n n — 1 • • ■ 21)(n n — 
(12 ••■n-lnn-1-'- 
(12---n- lnn-2--- 
■•■(n-2u-lnfi- 



x 2/ri-2(»n-2,n-2 )Vn-l (ari-2,n-l )?/n ( a n-2,n- 1 )2/ri-2 (On-2,n-2 ) 
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Xy>n— l(<Xn— l,n— 



n 


"/.,/'<•",/ 11 a l,j 






*/ 1 < i < 


n — 


2, 


Kk<i<j<n 


l<k<j<i 












( n 


a kj) ■ (ai,ri-ia2,n-l ' 


• -a„ 


-l,n-l) 


i/ i — n — 


1, 


n : even 


Kk<j<n- 


1 












( n 


afcj-)(^l:"-l a 2,n-l " ' 


• On- 


l,n-l ) 


if i — n — 


1, 


n : odd, 


Kk<j<n~ 


1 












( n 


Ofcj) • (ai,n-ia2,n-i • 


■ -a n 


-l,n-l) 


if i = n, 


n : 


odd, 


l<k<j<n- 


1 












( n 


a k,j) " ( a l,n-ia2 : n-l 1 


■ -a n 


-l,n-l) 


ifi = n, 


n : 


even, 


l<k<j<n- 


1 













Note that the notation a^j does NOT mean the complex conjugate of a;j but means a 



variable without any relation to a. 



'■j ■ 



Proof. Indeed, the A„-case has already been given in [§]. Let us see the case i = 1 for 
other three types. 

Let vi be the highest weight vector in L(Ai). Since fiV\ = for i ^ 1, we have 



yvi 



Vi{ai,i) ■ ■ ■ yn(ai, n )y n -i(ai, n -i) ■ ■ ■ yi(ai,i)ui, 

2/i(ai,i) • • • 2M-i(ai,n-i)yn(5i,«-i)yn-2(ai,ra-2) • • • yi(ai,i)«i, Ai 



where y G {7 t is as in Proposition l6.il Since / 4 2 = on L(Ai) for types C n and Z?„ and ff = 
(i 7^ n) and = on L(Ai) for types B n , we obtain 



(6.1) 



a l,l ' - • a l,n^l,n-l ' " ■ax^Vj + W B n , 

//'': = \ ai,i • • -ai, n ai in _i • • -ai^vj + w C n , 
ai,i ■ • • ai^-iai^-i • • • ai A v T + w D n , 



where w is a linear combination of vectors with higher weights than the weight of vj. Since 
(vj, vj) = 1, the coefficient of vj in (|6.ip is equal to F^ n \y) and it coincides with the formula 
in Proposition 16.11 for i = 1. 

In order to show the proposition for the cases i > 1, we need the following lemmas. 



GEOMETRIC CRYSTALS ON FLAG VARIETIES AND UNIPOTENT RADICALS 



15 



Lemma 6.2. Let Xi(c) £ U (i E I, c € C x ) be as above and «,(») be the lowest weight vector 
in L(Ai) (i > 1). Then we have, 

(6.2) B n -case : Xi(6i) • • • x n -x{b n -i)x n {a n ) ■ ■ ■ x 1 {a 1 )v ^ 

(bi ■ ■■b i ^i) 2 (b l • • -6 n _i)a^(a n _i • • • a»)(+, w a C"-d) + w if i < n, 
h ■ ■ •6 n _ia n (+,« A (n-i)) + w ifi = n, 

(6.3) C„-case : Xi(6i) • • • x„_i(b n _i)x„(a„) • • • Xi(ai)u A („) 



= (bi---bi_i) 2 (bi---b n _i)(a n a n _i---Qj) ^y^(-l) J 1 «'[«i;jJ | + w, 
(6.4) L>„-case : xi(&i) ■ • • x n _ 2 (&„-2)x ri (6 n _i)x rJ _i(a„_i) • • • xi(ai)i; A (») 



h 
h 



■ bi-i) 2 (bi ■ ■ ■ 6„_i)(a n _i • ••a»)(+,u A (n- I )) + io ifi<n-2, 



6„_ 2 a n _i(+, «.(„-i)) +w 

J1 n-2 

&n-2&7l-l(+»V A tn-l)) + W 
^Ni-2 

&n-207i-l(+) W*'"- 1 ' ) + w 

"ll— 1 

6 n _ 2 &n-l(+,« A (n-i)) + W 



if i = n — I, n : even, 

if i = n — 1, n : odd, 

if i — n, n : odd, 

if i = n, n : even, 



where v' is as in Lemma \5.1\ and w is a linear combination of weight vectors with lower weights 
than the one of the leading vectors. 

Proof. We can verify this lemma by the induction on the rank n. 
Let us see the case B n . Since e.\v. ( n ) — for i ^ 1, we have 

n — l)^n(^n) ' * ' ^1 

(ai)w A< „) = x 1 (b 1 ) ■ ••x n _i(6„_i)x„(a„) • ■ • x 2 (a 2 )u A („) . 

Suppose that 1 < z < n. By Lemma [5.21 we have i> A (r») = (— ,« A (t»-i)) and Xi(a) (i ^ 1) does 
not change the top — in w A (ro ■ Then, by the hypothesis of the induction we obtain 

xi(&i)x 2 (6 2 ) ■ ■ •x n _i(b n _i)x„(a„) • • • x 2 (a 2 )v A (rO 

= xi(6i)(-,x 2 (6 2 ) • ••x„_i(6 n _i)x„(a n ) • ■ •x 2 (a 2 )« A (n-i)) 

= (6 2 • • • Oi_i) 2 (&i • • • 6„_ 1 )a 2 l (o„-i • • • ai)x 1 (6i)(-, (+, u A („- 2 )))) + w 

= (&!••• 6 j; _i) 2 (6i • • • b n -i)an(a n -i ■ ■ • o<)(+, (-, u A c«-a)))) + to' 

= (6i • ■■b i - 1 ) 2 {b i ■ ■ ■ b n -i)a 2 n {a n -i ■ ■ • aj)(+,« A (»-i))) + to' 

where w and u/ are linear combinations of lower weight vectors than the leading term. The 
case i = n is obtained similarly. 

Next, let us see the case C n . As in the previous case, for i ^ 1 we have 

xi(&i) • • •x„_i(& n _i)x„(a„) • ••Xi(oi)« A (n) = xi(&i) • • •x n _i(b n _i)x„(a„) • • • x 2 (a 2 )u A (n) 



By Lemma \5. II we get 



« A w = E(- 1 ) Ww '[^-?']- 
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Since Xi(a)vj = vj for i 1, we have 

i 

Xi(a)v A ^ = ^(-l)^(^(a)«')fei] (i 1), 
3=1 

and then 

Xl(6i) • ■ -x„_i(6„_i)a; n (a n ) • ■ ■ x 2 (a 2 )v ^ 

= ^(-l) : '~ 1 a;i(&i){(a;2(&2) • • • x n -i{b n -\)x n {a n ) ■ ■ ■ x 2 (a 2 )v')[v T ; j}} (i ^ 1). 

3=1 

Applying the induction hypothesis to the index set {2, 3, • ■ ■ , n}, we obtain 
x 2 (b 2 ) ■ ■ ■ x n -i(b n ^i)x n (a n ) ■ ■■x 2 (a 2 )v' 

i-l 

= (E* -1 )^ 1 ^ • • • h-if{h ■ ■ • 6 n _i)(a n a„_ 1 • ■ ■a i )v"[v 1 ;j}) + w" 

3 = 1 

where v" is the vector obtained by replacing vj with vjpj in v A (»-2) and w" is a linear combi- 
nation of lower weight vectors than the ones of the leading term. Thus, we have 
(6.5) Xi(bi) ■ ■ ■ x n -i(b n -i)x n (a n ) ■ ■ ■ x 2 (a 2 )v A ( n) 

= (6a • • • bi-xfih ■ ■ ■ b n -i){a n a n -x ■■■a i ) ^(-l)^xi(6i) ( ]T(-l) fe - V> 2 ; *])[«r,j]) + «; 

3=1 \fc=l / 

where w is a linear combination of lower weight vectors. Since v" does not include v 2 or i^-, we 
have 

(6.6) xi(bi)(v"[v2;k])[v I> j] = bj(v"[vi;k])[v^,j] + lower terms. 

Here we have 

'(«"[^r;i-l])[«i;A] if*<j, 



K[ % ;j])[ Wl ;fc + l] iffe>j. 



(v"[v 1 ;k])[v r J] = 
Thus, 

3=1 U=l / 

= E (-i) < - i+ *- 1 («"[^j-i])[« 1 ;*]+ E {-ly-^-'W'^-m^k + i] 

l<k<j<i l<j<k<i 

= E (-l) i - j+k {v"[v 1 ;j])[v 1 ;k}+ £ (-l)^' +fe Kfej])[«i;fc] 

t<k<j<i X<j<k<i 
i I i—X \ i 

= E(- 1 )"" 1 E(- 1 )"^ lw "[ v 2^'] [«i;*]=X;(-l) fc -V[t; 1 ;fc]. 

fc=l \j=l J k=l 

Applying (|6.6p and this to (|6.5p . we obtain 

xi(6i) • ■ • x n -i(bn-i)x n (a n ) ■ ■ ■ x 2 {a 2 )v 

i 

= {bib 2 ■ ■ ■ bi-i) 2 {bi ■ ■ ■ b n -i)(a n a n -i ■ ■ ■ a i )C^2(-iy~ 1 v'[vi; j}) + w. 

3=1 

We have completed the case C n . 
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Finally, we shall see the case D n . For i < n — 2 we can show similarly to the case B n . So, 
let us show the lemma when i — n and n is odd. In this case, t> A («) = (— , • • • , — , +). Since 
Xi(a)v A ( n) = i> A (n) for i ^ n — 1, we have 

Xl(h) ■ ■ ■ X n -2(bn-2)Xn(bn-l)Xn-l(a n -l) ' • ' X\ («1 )« A («) 

= xi(6i) • --a; n _2(&„-2)a;n-i(an-i)u A w- 

Thus, by direct calculations, we have 

• • -aJn-2 (^-2)^(^-1)^-1(^-1) • • -Zi(ai)« A (n) = &i • • •6 7l _ 2 o 7l _i(+,« A ^„)) + 

Other cases are also proved similarly. rj 
Now, we continue the proof of Proposition 16. II For the case 1 < i < n, in order to obtain 

(n) 

the explicit form of the function F^> we adopt the induction on n. First, let us see the case 
B n . The induction hypothesis for the index set {2, • • • , n} and the remark in 15.21 mean that for 

U' = (2/2(02,2) • • • 2/2(52,2)) ' " ' (yn-l(an-l,n-l)yn(a n -l,n)yn-l(a n -l,n-l))yn(an,n) 



(6.7) !/'(+,u A <»-u)=4 



J| a kjakj ]~J Gtfcj J (+, « A (»-i) ) + w ifi<n, 

K 2<k<i<j<n 2<k<j<i I 

Yl a k ,j(+,v A ( n -i)) + w i(i = n, 

,2<k<j<n 

where a,k,n — o>k,ni w is & linear combination of weight vectors with higher weight than the 
one of the leading term. We shall denote the coefficient of (+,« A (n-y) in (|6.7|) by Set 
y := (2/1(01,1) • • • 2/1(01,1))?/. Then we have 

(6.8) (j/u A (n),« A t»)) = (j/'u A (n),xi(ai,i) • --a;i(ai,i)« A (»)). 

By Lemma RT21 (|6.7p and the fact that ((+, u.(«-i)), (+, u.(«-i))) = 1, we have 

A i-1 A i-1 

(2/' u A (") >^i(5i,i) • ••a?i(oi,i)u A («)) 

/T-^(ri— 1)/ 1 \ 1 o( n ~l)/' 1 \ 1 /\ ~(n— l) (n— 1) 

= {-i-i '(+,v A ( n _-i ) ) + w,ni_ 1 ; (+,w a ,„-d) + w ) = £ij_ 1 'n^ ; , 

where f2^2i is the coefficient of (+,w A < n -i)) in Lemma 16.21 and u> (resp. u>') is a linear 
combination of weight vectors with higher (resp. lower) weight than the ones of (+, u.(n-i)). It 

A i-1 

is easily to see that S^-^O^ 1 -' coincides with F^ n \y) for type B n in Proposition ^. II 

The type C„-case and Z?„-case with i ^ n — 1, n are also done similarly. Thus, let us see 
and for type D n . Suppose that n is even. The induction hypothesis for the index 
set {2, ■ ■ ■ , n} and the remark in 15.31 mean that we have 

(6.9) y'(+,ii A („-i)) = JJ_ ' (a2,n-i"-an-i,7i-i)(+)« A c»_-i)) + w, 

2<k<j<n-l 

for j/' = (2/2(02,2) • • -2/2(02,2)) ' • ' (2/ )yn(«n-i,n-i))i where w is a higher term as 

above and we denote the coefficient of (+, v.( n -i)) in (|6.9[) by S. By Lemma HT21 we have 

xi(ai 1) • • ■ xx{a\ ,i)u.(n) = ai.i • • • ai. n _ 2 ai,„_i(+, u A (n-y) + m/ 

A n-1 A n-2 

where it)' is a lower term as above and we denote the coefficient of (+,w.(n-i)) by f2. Then 

A n-2 

arguing as above, we have Fj^ 1 (y) — Sfi for jy = j/i(oi,i) ■ ■ ■ 2/1 (ai, 1)2/'- The other cases 
(n:odd) and F„ are showed similarly. rj 
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7. Isomorphisms 

Let to = ii, ■ ■ ■ be a reduced longest word of g, B~ as in Sect. |3]and U~ as in SectJH 

Theorem 7.1. In case g = A n ,B n ,C n ,D n , we have the isomorphism of geometric crystals 
B~ = U~ by the rational map <&: 

$ : B7 — > Ur 

Y,. (Ai,--- ,A L ) ^ y t0 (ai, • • • ,a L ) 

where a s = $j(A) = {A** 1 '** ■ ■ ■ A*^ 1 '** Aj)~ l for A = [A u ■■■ ,A L ) e (C X ) L . 

Proof. First, we shall see that <£> is birational. For the longest element wq € W, let L be 
its length. For j, k with 1 < j < k < L, set 

Pj,k '■= {m = (mi, ■ ■ • , m,t) € < mi < ■ ■ ■ < m t < k, < t < k ~ j}. 

For m = (mi, ■ • ■ , mt) 6 -Pj.fc, set l(m) :— t. We understand that m = if t = 0. For j, fc with 
1 < j < < set 

where a^j is an (i, j)-entry of the Cartan matrix. Let .4 = (<*p,q)p,q=i,-- ,l be an integer matrix 
defined by 

-1 if p = q, 

-atp.i, $P<Q, 
ifp>g. 

It is trivial that the matrix A is invertible and its inverse is also an integer matrix, denoted by 
B = (bp,q) Pt q=i t --- ,l, which is indeed given by 

!-l Hp = q, 

M i p ,i q ifp<g, 
if p > q. 

Then, we easily know that the following rational map ^ is an inverse of $: 
(7-1) U~ -> B~ 

where Aj = *j(a) = ai M • • • a-^'^aj 1 for a = (ai • • • , ol) £ C L . 

Next, let us see £l ($ t0 (r(A))) = £j(Y" t0 (A)) for F t0 (A) = ^(^i,-' ,A L ). As in|13| we 
have 

(7.2) E«(j/ t o( i>-" = Oj- 

1<j<L, ij— 2 

We also have the explicit form of £i(YI (^4)) as in (|3.2|) . 

(7.3) £l (F t0 (Ai,...,A L ))= £ — 1 - s — — = Y ®i(A)' 

I j<L,i < I ' ' ' Aj l<j<L,i j= i 

Thus, by these formula we have Ej($(y(Ai, • • • , A L ))) = Ei(Y(Ai, ■ ■ ■ ,A L )). 

Next, let us show that $ o e\ = e\ o $. Set e| o $(Y l0 (A)) = y t0 (a') = 2/,, (ai, • • • ,a' L ). By the 

formula in 14.41 we obtain 

{1A) *m) f^ViW^")'^ 
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If) 



where {ji, • • • is same as in 14.41 and m(j) is the number m such that j m -i < j < jm- 

For Y la (A) = Y Lo {Ax, ■ ■ ■ ,A L ) set e C i(Y (A)) := Y {A[, ■ ■ ■ ,A' L ). Each A' 3 is given explic- 
itly by (|3.3[) . Denote the numerator of (|3.3p by Qj(c±, ■ ■■ ,c m ;c). Thus, the denominator is 
Qj-\{c\ ■■■ ,c m ;c) and 

, = Qj(A u --- ,A L ;c) 

J i Qj-xiAx,--- ,A L ;c)' 
Note that Qj(A;c) = Qj-i(A;c) unless ij — i. Let us calculate y L(s (a") :— §(Y Lo (A')). 
The case ij = i (j = j m ) : 



a'i = <S. ] {A') = {A\^ ■■■A>;^A' j ) 

Qj m -M\ c)Q Jm (A; c)' 
where Qj (A;c) = 1. 

The case ij ^ i {j m -i < j < jm)- 

<•'; *j( A ') (K 1 ' , A ' 3 ) 1 



Qj m -M; c )\ fQj m -t( A ;c) 



Qh( A ;c) 



= {A^...A^AjT l 

Here, we can easily see that if i — ij m , 

Q jm (A;c)=L 7n {<S>{A);c). 

This means d- = a'j and then e c t o $(Y l0 (A)) = $ o e?(Y" t0 (A)). 

Finally, let us show that 7^ o $(F l0 (A)) = 7i(YI (^4))- Since for y e C/~ we have 



1=1 



and the explicit form of F[ n ^ (y) as in Proposition 16.11 we use case- by-case method for our 
purpose. 

The -B„-case: Denoting $(F t0 (A)) by y t0 (a) we have 

i i—X i—1 i— 1 

11 Mj-i n a w 11 11 

— l<i<j<n— 1, 



(7.5) 



fc=i 



fc=i 



k=l 



k=l 



i-1 



*h3 



fc=l 

z i—1 
j J A k,n-1 ]^I Ak,n-1 



k=l 



fc=l 



1 < i < j = n, 



j4i,n ]^I A\ . n 



k=l 



i-1 



(7.6) 



n ^fcj-i n ^fcj+i 11 ^fc,i-i n 

k=l 



k=l 



k=l 



k=l 



1 < i <j < n- 1, 



^ij II A l,j II 
fc=l fe=l 
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where Akj = 1 for k > j and Ak, n — Ak >n . We shall show the explicit form of Fj; n \^>(Y l0 (A))) 
as follows: 



(7.7) Ft ) mY l0 (A)))= f[ 1 (l<»<n-l), 

rn= \ ^m,i -^m,2 

- i 

(7-8) FW($(y i0 (A)))= [] !— • 



Set <#(a) := (a;,; • • • a ;ii _i) 2 (a ;ji • • • ai, n -\)a\ n {ai, n -i ■ ■ ■ oj,i) (1 < / < i) and we have 
Ft 

By calculating directly, we get 



F i (Vi ( a ) ) = <?i ( a ) ' • • H (a) (»<")< 



( 7 - 9 ) «(*(^)) = — = — 11 — 7^2 . 

A l,l A l,l k=l A k,l A k,l 

and then (|7.7p . We also get (|7.8|l by the similar way. The C„-case is obtained similarly. So let 
us see the case i = n — l,n of type D n . If n is odd, by Proposition 16. 1[ we have 

\l<fc<j<n-l 



Set a = For 1 < i < j < n - 2, ajj = 3>(A)jj and djj = . are same as (|7.5j) and 

(|7.6[) . For l<i<j = n— 1, we have 

i i— 1 i i— 1 

][[ Afc,„_ 2 J| lfc,n-2 J| A k,n~2 A k,n-2 

(pj i r\\ k—1 k— 1 k— 1 k—1 
(.'• iu J 0»,n— 1 — ~1 ) 0»,n— 1 — 



t-1 

■2 



A i,n-l Y\_ A k,n-1 A i,n-1 \\ A k,n-1 

fe=l fe=l 

Then, by calculating directly we have 

F^mr^A))) = (Ai, n -i • • •3 n - 1 ,„_ 1 )- 1 . 

The case for even n is obtained similarly. We have 

F^AHY^A))) = ( A l,n-1 • • • Ai-l,n-l) -1 - 

Since 7„_i(F t0 (A)) = (Ai jn _i • ■ • A„_i >n _i)- 1 and -y n (Y Lo (A)) = (-Ai, n -i • • • Ai-i.ti-i) -1 ) w e 
know that 7i(Y^ (A)) = 7i($(F i , (A))) and completed the proof of Theorem 17. II rj 
Since B~ (resp. U~) is birationally equivalent to the flag variety X (resp. unipotent radical 
U~ C B~), we have the following: 

Corollary 7.2. There exists an isomorphism of geometric crystals: X = U~ . 

8. Conjectures 

For a Weyl group element w G W, let t — i\ - ■ -ik be a reduced word of w. Set L/~ := 
{l/n (ci) • • ■ j/i fc (cfc)|ci, ■ ■ • , Cfe G C x }. Let U{j be the normalized extremal weight vector with 
the extremal weight wAi in L(Ai) and define the function on U~ by 

f$)(v)--={vua*,u®) (y^u-, i el). 

Here we present the following conjecture: 
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Conjecture. If G is semi-simple and I — I(w) (see Sect\^ ), we can associate a geometric 
crystal structure with U~ and it is isomorphic to the geometric crystal on the Schubert variety 
X w for any w £ W . 

For a reduced word t, set B~ := {Y n ( Cl ) ■ ••F ife (c fe )|ci, • • • ,c k G C*} (Y t (c) = ^(i)aV(c)) 
and let (B~ , {e^}, {ji}, {si}) be the geometric crystal isomorphic to X w as in SectE] (see also 
[7])- To show the conjecture, we should obtain that {7~ = B~ as geometric crystals. 
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